This paper considers the control of coupled aeroelastic aircraft model with Variable Camber Continuous Trailing Edge Flap (VCCTEF) system. The relative motion between two adjacent flaps is constrained and this actuation constraint problem is converted into an output covariance constraint problem, and therefore can be formulated using linear matrix inequalities (LMIs). A set of LMI conditions is derived for the design of an observer-based dynamic output feedback controller for VCCTEF configured aeroelastic aircraft model. The proposed controller is then applied to the NASA Generic Transport Model (GTM) for simulation, and the results demonstrate the efficacy of the proposed approach.
I. Introduction
Elastic wing shaping actuation in-flight has been proven to be effective in reducing induced drag and enhancing lift performance. By actively controlling the wing wash-out twist and wing bending deflection, local angle of attack can be changed in such a manner that can result in lower fuel burn during cruise and enhanced lift performance during take-off and landing. As a low drag distributed actuation concept, the design of Variable Camber Continuous Trailing Edge Flap system is proposed, 1 which consists of multiple aerodynamic control surfaces throughout the aeroelastic wing and provides active wing shaping control capability to gain aerodynamic efficiency. Two sets of control actuators are employed in order to actuate the VCCTEF. The light-weight shaped memory alloy (SMA) is adapted for controlling the shape of the first two chordwise sections of the three-section VCCTEF. The third section is controlled by high bandwidth electric drive motor (EDM) and provides the needed active wing shaping control in-flight. This paper presents the mechanical modeling of the VCCTEF system using the conventional spring-massdashpot as dynamic components, and they are incorporated into the overall aeroelastic aircraft model. As illustrated in Swei and Nguyen, 2 the actuation of VCCTEFs is constrained in both relative deflection and deflection rate. This is due to the elastomer material placed in between the flaps that confines the motion of two adjacent flaps. The placement of elastomer is to provide piece-wise continuous wing motion, so as to achieve active wing shape control. However, the presence of elastomer poses a great challenge in designing an effective and stabilizing feedback controller subjected to the constraints of bounded deflection and rate of VCCTEF dynamics. Previous works on bounded input and input rate, for instance [5] [6] [7] and the references therein, offer a good framework for control designers to embark on the implementation aspect of the proposed approaches. A simple "software limiter" idea was proposed in Hess and Snell. 6 There, by introducing the derivative and limited integration blocks a commanded input signal can be re-generated. In Lin 7 a bounded input and input rate problem description was given which, in a sense, prescribes how the actuator should be moving. In Schewchun and Feron 5 a bounded control approach; known as extended high performance bounded (eHPB) method, was proposed, in which a higher order state-space system representation was obtained by augmenting the states with the control, and in this setup the new control to the augmented system is in fact the input rate. The bounded control problem was then converted into bounded state and control problem. Inevitably, the control structure in this case becomes a dynamic controller. The concept of pseudo-control hedging or PCH 4, 8 was another viable alternative control approach which was well suited for dealing with such practical control issues as actuator saturation. In Swei and Nguyen 2 a PCH-based bounded input and input rate control approach was proposed by utilizing eHPB method, where an additional control loop was added through PCH model to re-shape the control command.
In this paper, we propose to develop a stabilizing controller for VCCTEFs equipped aeroelastic aircraft using output feedback. In particular, we seek to design a standard observer-based dynamic feedback controller. In this approach, differs from previous approaches which were mostly full state-feedback based, we first formulate the combined VCCTEFs and aeroelastic aircraft dynamics as state-space representation of a dynamical system with constrained outputs. In this setup, the constrained relative deflection and deflection rate of VCCTEF actuation is converted into constrained output components in the augmented system. The control design objective then becomes finding an observer-based output feedback controller that is stabilizing and solves the output constrained optimization problem. Since the maximum relative deflection and deflection rate between adjacent flaps is known apriori, the output constrained optimization problem can be cast as an optimization problem subject to L 2 to L ∞ gain, which can then be solved as a generalized H 2 performance problem, 13 hence a standard solution; if it exists, can be applied. Furthermore, the existence of such solution can be determined by checking if a feasible solution exist to a coupled linear matrix inequalities.
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Therefore, the numerically efficient LMI-based convex optimization tools and algorithms can be applied for control analysis and synthesis.
As discussed, a dynamical system with bounded input and bounded input rate VCCTEF actuation can be naturally converted into the constrained output problem for augmented system of higher order. In addition to the output constraints that were emerged from VCCTEFs, in the case of flexible wing control, we also want to consider constraining the vibrational motion of the aeroelastic wing. Furthermore, for practical consideration, we want the feedback controlled system to possess a good robustness to unmodeled dynamics, disturbance rejection, etc. It is shown that this robustness problem can be cast into minimizing the L 2 to L 2 gain or H ∞ performance problem, and again the solution and its existence can be formulated in LMI. [16] [17] [18] Therefore, the framework of the proposed aeroelastic aircraft control using the constrained VCCTEF actuation is a multiobjective optimal control design problem. This paper is organized as follows. In Section II we describe the detail modeling of VCCTEFs and introduce the prescribed relative constraints on deflection and deflection rate between the flaps. Furtermore, the differences in deflection and deflection rate between neighboring flaps are treated as control outputs. Section III presents the aeroelastic aircraft dynamics and incorporates it with the VCCTEF dynamics. Some preliminary results on LMI characterization of output covariance control problem are given in Section IV, which provide a basis for designing an observer-based output feedback controller. In Section V the VCCTEF actuation constraints are converted into the output constraints in the combined system representation. The problem of multiobjective optimal control design is then formulated subject to L 2 to L ∞ performance constraints as well as VCCTEF actuation constraints. Simulation results for the application of proposed controller to GTM aircraft at flutter condition is considered in Section VI. Concluding remarks are given in Section VII.
Throughout this paper, we make use of the following standard definition of L 2 and L ∞ norms on
where W > 0 is a weighting matrix. Accordingly, we can define the L 2 disturbance set as follows,
II. Modeling of VCCTEFs Figure 1 shows a GTM aircraft configured with VCCTEFs. Figure 2 illustrates the detail constructs of a VCCTEF that shows each flap has three segment sections. Sections 1 and 2 are driven by shape memory alloy (SMA) and produce high lift, whereas section 3 is driven by high bandwidth electric drive motor (EDM) necessary to provide active wing shaping control. At nominal cruise flight, we consider only the section 3 is being activated.
In order to achieve active wing shaping control for drag reduction in flight, it should be noted that each VCCTEF can not be operated independently. Therefore, to ensure and approximate smooth and continuous variation of wing shape, it is necessary to confine the relative motion between the two neighboring flaps. To achieve this, an elastomer material is placed between two adjacent flaps, which produces continuous transition for relative motion. However, the presence of elastomer also introduces additional constraints on the performance of VCCTEF, and these constraints are needed to be addressed and incorporated in the control systems design process. The maximum relative flap motion is often prescribed apriori and can be used for control analysis and synthesis. Figure 3 shows the schematics of the 3rd segment of the two adjacent VCCTEFs with the elastomer being modeled as dashpot-spring mechanism, where (C, K) denotes the elastomer damping and stiffness properties. As shown, the relative deflection between, for example, θ 1 and θ 2 is constrained, as well as the relative rate betweenθ 1 andθ 2 . In addition, the individual flap deflection θ i and deflection rateθ i are also constrained. It is important to note that the elastomer material properties would depend on the ambient conditions. In this study, we shall use notional material properties; however, they can be considered as potential design parameters for future research. Since the EDM actuator has much higher bandwidth, the frequency response analysis technique can be applied to approximate the dynamic model at the frequency range of our interest, and we assume that this model is a second order of the form
VCCTEF in ac+on
where θ i andθ i are output of ith actuator and represent respectively the deflection angle and deflection rate of ith flap, and δ i denotes the control command to the ith flap. The parameters (M, C, K) are known mass, damping and stiffness properties derived from the frequency domain system identification for an EDM actuator. We have assumed that all EDM actuators share the same dynamic characteristics, though it is not reflective of actual implementation, this assumption simplifies our subsequent problem formulation. We can further model the coupled dynamic behavior between the elastomer and the EDM deriven flaps, as shown in Fig. 4 . It should be noted from Fig. 4 that, in general, δ i and θ i are not the same in actual implementation, and this is the case in particular because of the presence of elastomer. When all the m flaps are interconnected with m − 1 elastomer, the overall combined actuator dynamics can be described by
where δ f denotes the flap deflection and u the control input to VCCTEFs. In attaining the above we have assumed that all m−1 elastomers have the same material properties. As noted earlier, the flap deflection and its rate of deflection is bounded by φ i and dφ i (i = 1, ·, m), respectively, and the relative deflection between two adjacent flaps is also constrained by α j , i.e. |θ j − θ j+1 | ≤ α j (j = 1, ·, m − 1). In practical application, the motion of VCCTEF is also confined by the relative angular deflection rate, i.e. |θ j −θ j+1 | ≤ dα j , where both α j and dα j are known constants. Now, we can represent (3) in a state-space form, and incorporate the constraints as controlled output, as follows,
where
t denotes the state, y f the controlled output, and the system matrices (H f , A f , B f ) are given by
where I m denotes m × m identity matrix and H ∈ R (m−1)×m is given by
It should be noted that the entries in y f are bounded by individual deflection and deflection rate, as well as the relative deflection and deflection rate between two adjacent flaps. In this paper, we consider that all VCCTEFs have the same deflection and deflection rate constraints, and any two adjacent VCCTEFs have the same relative deflection and deflection rate constraints. Therefore, the VCCTEF actuation constraints are given as follows: Figure 1 shows the GTM with configured VCCTEF system. As shown, there are 11 flaps per wing and they are equally spaced. In this paper, we consider aircraft flight dynamics and aeroelastic wings at cruise conditions. The equations of motion for coupled aircraft rigid-body dynamics with flexible aeroelastic wing modes at nominal cruise flight can be described by ẋ a (t) x e (t)
III. Aeroelastic Aircraft Dynamics with VCCTEFs
where x a denotes the aircraft's rigid-body states, x e consists of displacement and velocity of aeroelastic wing at generalized coordinates, 3 δ f denotes the VCCTEF 3rd segment deflection, and w ∈ R k denotes the external disturbance, such as wind gust and w ∈ S as defined in (1). The matrices A aa and A ee of compatible dimensions contain aircraft rigid-body and aeroelastic characteristics, whereas A ae and A ea correspond to aeroelastic coupling and aircraft rigid-body coupling, respectively. Note that the dimension of overall system depends on the number of rigid-body states and number of aeroelastic modes included in the problem setup. Throughout this paper, we will work with a reduced-order aeroelastic model. For detail derivation of (6) and the process for model reduction, readers may want to consult Nguyen et al. 1, 9 and Swei et al. Now, combining the aeroelastic aircraft dynamics (6) with VCCTEF actuator dynamics Σ f described in (4), and introducing the new controlled and measured outputs, y p and z p , respectively, yields the following open-loop system description,
where x p (t) denotes the combined states of x s (t) and x f (t), and y p (t) the controlled output variables of the form
and y s (t) = C s x s (t) denotes the controlled outputs for aeroelastic aircraft, which for instance, might include wing deflection and deflection rate at various locations along the wing span that we want to monitor and suppress. In this regard, we have chosen n s number of controlled outputs for performance evaluation, hence y s (t) ∈ R ns . The measurement outputs are denoted by z p (t) and, without loss of generality, we assume that the pair (M p , A p ) is observable. The combined disturbance vector w p (t) consists of w(t) and v(t), where v(t) denotes the measurement white noise with intensity V > 0. The system matrices in (7) are given by
The complete system description that combines both the aircraft aeroelastic model and the VCCTEF actuation dynamics is described in (7), which is in the standard form of many control problems considered in the context of H 2 and H ∞ optimization. It should be noted that, in attaining Σ o , we have in fact converted the actuation constrained problem into output constrained problem for a system of higher dimension. Specifically, the controlled output y f in the combined system contains the VCCTEF constraints for each flap and pair of adjacent flaps, which are part of the states in the new system description. In addition, y p may represent bending and torsional deflections and deflection rates at particular locations along the aeroelastic wing that we want to monitor and suppress. Therefore, the control objective considered in this paper renders itself naturally as an Output Covariance Constraint (OCC) control problem. 3, 10 The problem of flutter suppression for aeroelastic wing with the conventional control surfaces was first considered in Swei et al.
3 under the framework of OCC problem setup via a dynamic output feedback. In this paper, we consider OCC control problem for VCCTEF configured aeroelastic aircraft by utilizing the standard multiobjective optimization results that were characterized by LMIs. 15 In particular, given the VCCTEF actuation constraints, we focus on solving the minimum achievable output covariance problem for aeroelastic aircraft. The next section provides some helpful results.
IV. Some Preliminary Results
We first present the LMI characterization of the output covariance constraint problem. 19 For this study, we consider the following system,
where (C i , A, D) are matrices of compatible dimensions and w ∈ S. It is well known 14 that, if A is Hurwitz, the output covariance for (9) is given by
where X is the controllability Gramian matrix satisfying the following Lyapunov equation
Therefore, given the desired output covarianceȲ i , the output covariance constraint problem for (9) is solved when
Our goal is to characterize the output covariance constraint problem using LMI. For this, we let > 0 be given. Utilizing the monotonicity of Lyapunov solution, we have the following Lyapunov equation
whereX is a unique positive definite solution. It is straightforward to show thatX > X. Therefore, (10) and (12) can be modified as
and (13) can be rewritten asX
After applying the Schur complement argument to (15), we obtain the following LMI expression,
where Q = W 1 2 . Note that (16) is an affine function in bothX and Q, and defines a convex set of pairs (X, Q), so it can be solved efficiently using, for instance, interior-point methods from convex optimization.
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Therefore, the output covariance constraint problem can be summarized in the next lemma, 19 whose proof follows readily from the arguments given above.
Lemma 1 Consider (9) and letȲ i > 0, i = 1, 2, · · · , q, be given. Then, the output covariance constraint problem is solvable, if there existsX satisfying (i)X > 0;
(ii) (16) is feasible;
Conditions (i) and (ii) imply that A is Hurwitz. Note that (iii) provides an upper bound for output covariance, sinceX > X. As a corollary, the "maximum allowable" disturbance W (or Q) that ensures (i) -(iii) can also be attained from Lemma 1 with a slight modification.
Corollary 1
The output covariance constraint problem with maximum allowable disturbance is solvable, if there existsX that maximizes max
Therefore, the purpose of Lemma 1 is two folds. First is that, for a known disturbance set S, it provides a feasibility characterization of output covariance constraint problem for all w ∈ S, and the second is that, in addition, it provides a measure of disturbance input. To illustrate this part, we consider (9) and establish the disturbance bound in terms of system properties and desired output covariance. For this study, since A is Hurwitz, there exist constants η i > 0 and λ > 0, such that
where i = 1, 2, · · · , q. The matrix norm used above is the Euclidean norm. Furthermore, we let W = βI, where β > 0 denotes the intensity of random disturbance w and is to be determined. We claim that if the disturbance intensity β satisfies
To show this, recall the Lyapunov equation (11) . Since A is Hurwitz, it can be shown 11 that the unique solution to (11) is given by
Now, substituting the above into (10) yields
Taking the norm on both sides renders
It now follows from (17) that
V. LMI Characterization of Output Covariance Control Problem
Recall (7). We have shown that by integrating VCCTEF dynamics with aeroelastic aircraft equations of motion, the bounded input deflection and deflection rate problem can be converted into OCC problem. In this section, we present the solution to output covariance control problem by utilizing LMIs and proposes a stabilizing controller if a feasible solution exists.
For systems of large dimensions, the control objectives and constraints are often prescribed with respect to a collection of states. Therefore, we can partition the controlled output y p into a series of block outputs as
. . .
where, in the case of aeroelastic wing control subject to actuation constraints, we may choose y s = [y t to represent the constraints on VCCTEF actuation. Now, we recall the combined aeroelastic aircraft equation with VCCTEF dynamics as given in (7), and substitute y p by the partition given in (20), we obtain
In this paper, we focus mainly on developing an observer-based dynamic output feedback controller of the form,
where L c and K c are respectively the observer gain and full state feedback gain, and they are to be determined. The objective of this paper can then be stated as follows:
Given the VCCTEF actuation constraints, find the dynamic output feedback controller (22) such that it minimizes the vibrational motion of aeroelastic wings.
Theorem 1 Consider the system Σ o described in (21) and given the VCCTEF constraints as defined in (5) . The minimum achievable output covariance control problem is solvable with the dynamic output controller given in (22), if there exist a matrix G and a pair of positive definite symmetric matrices Y and Z that minimize the performance cost
subject to
The last equality is derived from applying the observer gain L c given in (25). Therefore, (1,1)-block matrix of Φ can be rewritten as
and it is the Schur complement of (24), hence Φ(1, 1) < 0. Let G = K c Z, then Φ(2, 2) can be rewritten as
and this is the Schur complement of (26), therefore Φ(2, 2) < 0. Hence, the closed-loop system is stable. To show (27), we recall that the output covariance for closed-loop system (28) is given by
This completes the proof.
VI. Simulation Results
We consider the application of proposed LMI-based optimal control law to suppress the fluttering motion of GTM aeroelastic wing. The GTM under consideration is configured with 11 VCCTE flaps in each wing, and at cruising speed of Mach 0.88 and altitude of 35, 000 ft. At this condition, the aeroelastic wing has already exhibited fluttering behavior, since in this case both first bending and torsional modes have become unstable; see Table 1 . The relative deflection angle and deflection rate between two adjacent flaps are constrained by, respectively, 2 deg and 60 deg/sec. That is, |θ i − θ i+1 | ≤ 2 deg and |θ i −θ i+1 | ≤ 60 deg/sec. Individually, each flap deflection is constrained by ±20 deg and flap deflection rate by ±60 deg/sec. In addition, we assume that the flap actuator dynamics and elastomer have the natural frequency of 10 Hz and damping ratio of 0.8.
The aeroelastic model considered in this study includes 6 flexible modes; including two unstable modes. For aeroelastic measurement, we take the outputs at 5 equally spaced data points along the wing span; the last point being at the wing tip. We measure both bending and torsional displacements and rates at these 5 locations; however, only bending and torsional displacements are considered as control outputs. In this study, we assume that GTM is subject to a random gust turbulence of ±30 ft/sec and random measurement noise of 0.001 ft 2 (rad 2 ). The Dryden's longitudinal wind turbulence model is used, and it is incorporated with aeroelastic model. The objective of bounded control law design then is to suppress the fluttering motion of the wing using VCCTEFs subjected to their actuation constraints. The set of LMIs in Theorem 1 is implemented and solved in MATLAB environment by utilizing SeDuMi as optimization solver and YALMIP as LMI parser. Table 1 contains the list of aeroelastic modal frequency and damping considered in the simulation. The proposed LMI-based optimal output feedback control law is able to asymptotically stabilize the unstable modes and suppress the fluttering behavior. Figure 5 shows the pole locations for open-loop and closed-loop systems. It is clear that the two open-loop unstable modes are stabilized. Figures 6 and 7 show the wing tip deflection and twist of the closed-loop system, and Table 2 contains the closed-loop output covariance data at the measurement points. It should be noted that these covariance are treated as objective function and subjected to minimization in the optimization process. Figures 10 and 11 show a sample time history data for relative deflection and deflection rate of the two adjacent flaps. Finally, Figures 12 and 13 show the time history of angular deflection and deflection rate for each individual flap. 
VII. Conclusions
In this paper, we presented an LMI-based optimal flight control design concept that utilizes the output covariance control methodology. A series of second order dynamics interconnected with spring and dashpot model was developed to capture the essence of VCCTEF mechanisms and elastomers. Though the stiffness and damping effect for elastomer were assumed to be constant in this study, in actual implementation they can be functions of ambient conditions and can therefore be made parametric dependent. The proposed VCCTEF model was incorporated into the aeroelastic wing model, and the actuation constraints were represented as part of output constraints, hence the standard LMI characterization for the output covariance constraint problem was applied. The conventional observer-based dynamic output feedback control design approach was used, and it was designed separately from the full state feedback design. To demonstrate the efficacy of proposed approach, a GTM model at flutter condition was considered. The simulation results showed that the proposed LMI-based optimal output feedback control law was able to effectively suppress the fluttering motion of the wing, while meeting the VCCTEF actuation constraints. 
